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<1^BSTRACT ' ^ . 

Studies -have shown that students, after having 
studied physics concepts and being famMiar with them for an 
appreciable time, may nevertheless lack the ancillary knowledge 
needed to use such concepts reliably; correspondingly, they exhibit 
major misconceiM:ions and errors Provided in this paper is an 
analysis of the ancillary knowledge required to make a scientifi? 
coacept of principle effectively usable. Proper.ty concepts' are 
addressed since .these are centraUy important to descriptions needed 

'in science, This 'analysis includes, as a subset, the ancillary 
knowledge^ for a simple entity concept. Furthermore, the' ancillary 
knowledge of a property concept ^is essentially the same as that for a 
principle. The most important ancillary knowledge required to make 'a 
concept effective'ly usable is t'hat required to interpret the concept 
appropriately. This analysis cf the ancillary knowledge needed for 
concept interpretation points out some practical implications for the 
learning and toachirig of scientific concepts/principles. Students 
could be made aware of the .ancillary knowledge (focusing on 
specification of concept, concept values, independent variables; 
instantiation; and error prevention^ required to interpret a 
particular concept of interest or for use as a general skill in ■ 
effectively learning any newly encountered concept or principle. 
(JN) 
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In quantitative^sciences, such as physics, specfal concepts and 
associated principles are logically the basic building blocks of the know- 
ledge used to , deduce important consequences, make predictions, and solve 
problems. However, mere definitions of concepts or statements of princi- * 
pies are psychologically far too primitive building bloqks to permit the^ - 
'perfonnance of complex intellectual tasks. 

To be functionally useful, a conceptual building block (or "concept 

-schemS") must include a concept accompanied by the ancillary knowledge 

needed to make the concept effectively usable. In particular, this know- 

lege must be suffic-ient to ensure lhat the concept can be used reliably , 

.i.e., without errors or ambiguities; easily andv rapidly , so that use of the 

concept leaves sidequate attention and tim3 available to deal with other 
♦ 

aspects of complex tasks; and flexibly , so that t^e concept can be used 

reliably in diverse and unfamiliar contexts. Similar comments can be made 

about a principle relating previously defined concepts* 

"The ancillary knowledge, required to make a concept or principle 

effectively usable, is/far fron) trivial. Striking evidence supporting this 

1-7 
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statement comes from several recent studies. 
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These show that many 
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students, after having studied physics concepts and been familiar with 

them for an appreciable tipe may nevertheless lack the ancillary knowledge 

needed to use such concepts reliably, Correspondiligly, they exhibit major 

misconceptions and errors, * 

The^p^^eceding comments indicate the importance of analyzing and ex- 

plicating the ancillq^ry knowledge required to make a sctentific concept or 

principle affectively usable. Such an analysis, discussed in this- paper, 

is interesting- and useful from several points of- view: 

' (1) From a. scientific or psychological point of view, such an analysis 

helps make explicit underlying knowle'dge which is necess^ary (although not 

8 '9 

sufficient) .for any scientific problem solving, ' It also helps reveal 
important knowledge which is often "tacit", i,e,, which is possessed by 

♦ 4 «t 

experts without their conscious awareness of its existence. Finally, such 
an analysis can help to predict many of the difficulties and errors exhibi- 
ted by inexperienced students, ^ ' • ' 

(2) From the practical perspective of teachers, such an analysis can 
help to identify important knowledge essential to students' understanding 
and learning of concepts or principles. Accordingly, it can be useful for . 
diagnosing and minimizing th6' difficulties experienced by many students. 
Furthermore, it can provide the basis of explicit instructional methods for 

s 

\ 

teaching concepts or •'principles more effectively, 

(3) From the practical perspec1:ive of students, such an analysis can 
provide guidelines fbr studying toacepts more effectively and can thus help 
students to acquire some important general learning skii].^* 

As the. analysis in the following pages indicates, the b^sic ancillary^ 
knowledge required to make a. concept or principle effectively usable is 
remarkably large (although it is commonly possessed by any expert). This 
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is one reason why the learning of a new scientific concept is a difficult 
task /or \students. 
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Kinds of Concepts and Associated Ancillary KnowUdge 
The simplest kind of doncept is a particular "entity" (e.g,, "the 
sun"). Any one member of a specific set of such particular entities (e.g., 
a "triangle", a "particle", is then a "generic concept" or "variable". 
' " A "property" is a more complex kind of con^pt used* to describe one 
or more other concepts called the "independent variables" described by the 

property. This description is achieved-by associating a unique, value of- 

.. • <* 

the property for any possible set of values of the independent variables 
(If the property is* a "quantity", its values are numbers; otherwise they , 
^ may be .members of any other specified set.) For example, "area" is a pro- 
perty describing a surface by associ^ating a particular value (a positive 
real number) to any member of a set of entities called "surfates", Simi- 
larly, "color" is a property describing an object by asso'^ciating- a partlcu-> 
lar value (one of the set of concepts "red", "yellow", "green", •,•) to 
any object. As a last_example>. "velocity", is a concept describing'^jointly y 
. a parti cle,''a^ reference frame, and a time by associating a vectorial numer- 
ical value to any particle for any reference frame arid, for any, time. The 
particular independent variables described by a property are indicated by 
preceding prepositions: For example, one speaks of the area of a surface; 
or of the color of an object;/or of the velocity of a particle relative to ^ 
a particular reference\ frame at some specified time. 

The discussion in the following pages will deal predominantly with 
property concepts since thVse a/e centratly important to provide the' t 



.(descriptions needed in any science* The analysts ^of the ancillary know- 

ledge required to make a property concept effectively usable includes, as 

a subset, tUft ancillary knowledge for -a simple entity concept. Further-. 
.. \ • » 

more, as discussed later, the ancillary knowledge for a property concept is- 

essentially the same as that for a principle. . , . ^ 

The most important ancillary knowledge, required to make a concept 
effectively usable, is that required to interpret the concept appropriately. 
This knowledge, summarized in Table 1 and discussed in the next three sec- . 
tions, includes that needed to specify the concept; to achieve, this speoi- 
ficcition in various particular instances, and to do this without committing, 
errors of interpretation,, Mhe other kinds of ancillary ^knowledge (e.g,,' 
^knovi'Vedge about basic implications, knowledge about alternative symbdlic 
representations, and guidelines about when and how to use the concept) Will . 

not be discussed further in this paper. Instead, the analysis of the 

^ t 

ancillary knowledge needed for concept interpretation will be used to point 
out some practical implications for the teaching of scientific concepts or 
principles. 



Insert Table 1 about here 



Speci.fi cation Knowledge 
As indicated in Table"" 1, the most basic knowledge' required to inter- 
pret a scientific concept is that needed to specify the concept fully and 
unambiguously. The important components of this "specification knowledge'* 
are now discussed in turn, ^ ' . i . 



. Specification of a Concept \ • • * 

Ultimately the ^meaning of any scientific concept must be 'specified by 
explicit rules (e,,g, definitions) which ensure that'the concept is unam- 
biguously identified so that it can lead to clearly^ interpretable 
scientific knowledge. The following ways Of specifying. a concept ai^e all 

• * c 

useful --summary descriptions because they are compact and easily rememberecj^, 
informal descriptior^ because they clarify the essential meaning of a. ^on- 
^ cept, and procedural specifications because they provide the most- detailed* 
. specification. ^ * ' . . ^ 

^ Summary description , A summary description of a concept is useful 
because it provides a brief and precise statement of the meaning of the 
concept, a statement which can be easily remembered and used as the starting 
- (3oint for more complete elabora^tions, 'A typical example of such a suimiary 
description is the formal statement ^a =*dy/dt^hich defines comDlactly the 
cor!cept "acceleration^' (denoted by ^) in terms of the velocit/'V and the 
time t, . 



« InformaJ^descriptionT An'Tnformal description of a concept is useful 
because it specifies the:essential meaning of a concept without undue pre- 
ctsion or excessive details. By focusing attention selectively on a few 
salient features, an informal description can help in relating a concel)t 
to more familiar knowledge and in retrieving the concept in complex situa- 
tions. Indeed, such qualitative informal descriptions (and methods of 
successive refinement which proceed from qualitative to more detailed des- 

4 8 9 11 
e very usefu.1 tir facilitating problem-solving tasks. ' ' 
- ^ ■ - • .• , . ♦ 

For example, the acceleration, of a particle may be de'scrided informallj^ 

by statements such as "acceleration is the rate of change of velocity with 



time" or "acceleration is a quantity describing the small change of a 
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•particle^s velocity during a small time". Such statement* are admittedly 
« * ' } 

rather vague, but- they make qutte clear what essential quantities are 
interrelated by thg property "acceleration" and when this property might 



be relevant, V - ' 

Procedural specification . The preceding specifications of a concept, 
whetherv formal or informal, are descripti% (or "declarative"), i,e,, 
expressed in terms of statements asserted to be true, A very important • 
alternative way of specifying a concept is by means of a step-by-stej) - 
procedure specifying how to identify or^exhib*it the concept. Such a 

, "procedural specification" provides the most explicit and detailed specify- 
cations of a concept, ft also has fundamental scientific importance as an 
operational definition which specifies what one must actually do to decide 
whether a concept is properly identified. 

"These -remarks can be exemplified by the following procedural_sgeciii= — 
cation of jyie_XQ-Qcept^ac€e^lera.tion"Tl^T a specified particle P. 

(2) At some specified time t, consider the velocity of v of P relative to 
some specified reference frame R. (3) For comparison, consider sTome n^igh- 
buring time t' = t +"At and conside^ the velocity v' pf the particle P at.^ 
this. time. (4) Find the velocity change a;^ = v' - v, by subtracting vec- '. 
torially the old velocity v,'from the jiew velocity v'. (See Fig. 1.) (5) 
Calculate the'^ratio Av/At. (6) Verify that the time V has been chosen 
sufficiently t:lose to t so'that a closer choide,' making At smaller, would 
leave the ratio Av/At unchanged -w'ithin the desired precision of description? 

S In^this case denote At by dt and*Aj^ by d^^.. (7) Identify the resulting. . 
ratio as the concept of interest and name it the "acceleration of P rela- 
tive to R at the time t". • . ^ * 



Inser't Figure 1 about here 



' the preceding procedural spfecifi cation makes abund&ntly ^clear the 
many compleicities involved in, the defini/tion of the conce^St "acceleration", 
complexilies which are largely hidden in th6 formal, descriptive specif icar- ^ 
tion a = dv/dt. Indeed, the distinction between a procedural .specification 
and a formal description is strikingly apparent in practice, for example, 
when students are asked to find the acceleration of a pendulum bob' at thp 
extreme position. of its swing, where its velocity is zero,' many students 
say that the acceleration is zero. Most of-^them continue to make this 
claim vociferously, even when they are specifically asked to u^e the defi- 
nition of acceleration, written out explicitly as a = dv/dt = (v*-v)/(t'-t) 
But when these students, are asked to follow the steps of. the procedure 
specifying the cfcceleration, they change their minds and real<ize that the • 
acceleration is'non-zero. •{Of course, experts are much more. skilled in/ 
translating a formal dest:ription into a corresponding pwcedureO 

As another example, when novice students are asked to find the compon- 
ent of a vector V, along some specified direction i^, most can easily answer 
this question when the direction is "horizontal", as shown in Fig. 2a. 
On the other hand, they of ten have difficulties in more general cases', such 
•as that shown in Fig. 2b. But such difficulties disappear if students have 
-learned the procedure specifying how to identify or find the component of 
a^ vector along some given direction. The reason is that such a procedure 
does not merely rely on the recognition of a familiar pattern.^ (Instead,, 
ityidentifies the component by the general process of drawing, from^^the 
ends of the arrow representing the vector- V, lines parall-el and perpendi- 
cular to the given direction i.) 



' Insert Figure ^2 abiBut here' . ' 

• * 

As the preceeding examples i1 lustra te,/ it can be pedagogic-ally very \, 
useful if students are asked to explain the meaning of a concept by 
specifying an appropriate procedure.. ^ ' ^ * 

Applicability .conditions , A detailed, procedural Specification helps 
make apparent the conditions under which^'a concept may legitimately be 
applied. Such applicability cond itions mus t_t^Ljnade-^ui£e explicit to 
help avoid misintei^pretatlons and errors. ^ . * 

.o For example, the concept "acceleration" can be applied to any narti- » 
cle , but not indiscrimipately to any system of particles (a mistaKe some- 
times committed 'by students)- ^another -example, the concept "potential / 
energy" must be accompanied by the applicability condition specifying that 
this concept can be used only -tor interactions described by conservative . 
forces (i.e., forces which^do work independerft of the process between states, 
of a system.)' ' . 

Specification of Concept Values • ^ " 

The specification of a concept implies a corresponding specification 
of its values. -Although such a knowledge about value$ is relatively simple, 
it needs, to be made explicit if errors are to be avoided. Table 1 and the 
following paragraphs outline the most important^ knowledge about the values 

- 

of a concept, . ■ ^ 

* Value ingredients / Tfie value, of a concept 'is ordinarily specified by 
several ingredients, i.e., the el emehts needed. to specify tlie type of value 
and the units needed for speclfioation. For example, the concept • » 



"acceleration" has. vatues which are vectors, The> elements needed to • 

specify this type of value are a "magnitude" and a "direction".* The units 

» • » > ' • <• 

2 

are" "meter/second 

In the ca^e of value specification, as well bs in more complex cases 
discussed later, the use of explicit symbolic ^pressionsis an important 
aid. to ensure correct usage of a concept* For then mere adherence to 

3,. • ' ^ , : \ 

pHroper symbolic form (or "syntax") helps automatically ensure that a sped- 

•ficatian is complete and correct. For example, ari. appropriate symbolic 

expression for a value of the concept ^'acceleration" is "^magnitude with 

2 

unit of length/time along (direction)". Here anything enclosed between 
triangular brackets inchicates a "slot" to 'be filled by an instance of the 
specifier! kind of* entity, f^or example, a correct value specification of 
an acceleration might be "1.6 m/i along the northern direction". By con- . 
trast, a v^ilue specification such as "1.6 m/3^"- would be ijicomplete a^r^d • 
thus ambiguous because t"he slot about direction has not been filled in. 

Similarly, *a value specification such as "1.6 m/s along the northern direc- 

{ ' 

tion" would be incorrect because- the slot for units has been filled by the. 

wrong kind of unit. * * , - - 

- ' ' f 

Possible value s. Proper value specification requires also knowledge 
about the domain of possible values of a concept (e.g., knowledge^ that the 
concept "kinetic energy*' can assume aril no n-negative numerical values.) A**^ 
knowledge of typical values is also valuable for making qual itati verpredic- 
tions and checking the solutions or problems. For example, it ts useful to 
know the typical values of the acceleration have magnitudes of thfe order of 
a fejw meters/second for falling objects or accelerating cars. 
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" Specification of »Independeht> Vartab'he&^ y • • ♦ 

• Basie^independent variables > The. specif ication;&f a -fJroperty concept 

implies a corresponding knowladge of all the basic in^lepehdent variables. 

needed to specify this property completely.- Such KhoVledgp can be subtle ; 

and needs to be mad^ explicit to avoid likely errors/and ambiguities. • 

*For example^ the concept "acceleration" is a property oised to describe' 

a particle at ^ome particular time 'relative to some particular reference 

frame. >1ence-s ccmiplete specification of the concept_"aGceleration" ; 

requires a specif icatiyn, of alJL the following independent variables, .namely 

"particle", "time", -and "reference frame". Failure to specify any ofr 

these -independent variables leads to ambiguities (i-e,, no -unique value' . 

could then'^be ascribed to the acceleration, nor could statements about this 

concept be judged true or false). For instance, the statement that "the 

acceleration of a bal'l at some instant is 10 m/S" downward" involves an . . ' 

incomplete, specification of the acceleration becai/se of failur^ to ..specify ^ 

a reference frame.' Thus the statement .is ambiguous; e.'g^, it might be trtfe. 

. if the earth is used as a reference frame, but false if the referepce f rame ^ 

is an elevator*moving relative to the earth. ' • * . * 

V- ; ' ^ ; ^ r 

An explicit knowledge of all the basic independent' variables needed. 

^to specify a concept .unambiguously is very important to the proper inter- e ^ 
*pretation of a concept. (Indeed, deficiencies in suqh knowledge. lead to " 
many common confusions* observed amortg. stud^^nts.) The use of explicit 
. symjbolic expressions is again a powerful aid for ensuri.ng that a property- 
concept is specified completely and correctly. For example, the word 

"acceleration" , by itself, is really meaningless. Instead, the adequately 

* • , *. 

• defined concept is the one denoted by the full expression "the acceleration 
of (particle) at (time) relative to {reference frame)", where each entity 

• • # 

o_ ■ 11 



between angular brackets deootes a slot to be filled by a variable of the 

specified kind. ^ " 

Consistent use of full symbolic or verbal expressions can greatly help, 

students (and occasionally even experts) to avoid fuzzy thinking and thus 

12 

to prevent many errors or confusions. For example, talking about the • 
"velocity of some ball at some particular 'time relative to some particular 
reference frame" focuses explicit attention on al\ relevant entities. On 
.theT)ther hand, when talking blitbely about the "velocity of a ball", 
students are often iead to assyiniev inappropriately that the velocity is 
relitjve to the earth (since specification of a reference frame has been. 
ignoreti)Nir to assume inappropriately 'that the -velocity is constant (since 
specificatiorNqt a 'particular time has been ignored). \ ^ 

Another example, illustrating the importance of complete^ specifica- 
tions,, is provided by the concept of "force". In physics this concepF is 
used to describe the interaction bptweem particles and requires, ^therefore, 
^the specification of at leasttwo particles. Accordingly, the symbolic 
expression for force is of the form "force on (particle) by (other parti- 
cle)" where it is essential that both slots.be properly filled. Indeed,: 
. to^belp students avoid errors and con'fusions, it is very useful to insist 
th?it students neveV use -the^wbrd "force" unlfess foTlowed by. the phrase "on 
Insistence upon use of* thi^s tull expression avoids the lay 

^conception of force as an intrinsic property inherent „in an object, as 

. ■ ■ - ^. ' ■ ■ ' , .. 

••expressed by phrases- such as "force of an gbject". It helps to avoid con- 

fusions between "action" and- "reactTon'^'if these historically hallowed 

words 'are discarded in favor -of the much clearer expressions "foVce on A 

by'B" and "force on- B by A".- 'It also helps to avoid students' inappropria^te 

irivqcation of non-existing i'centri petal" or "centri filial" forces produced 
' ^ f ' ' ' ' 

by no discernible objects; /• 
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Relevant properties of independent variables . As indicated in Table 1, 
it is important to know not'only which basic independent variables are 
needed to sptcify a given concept, but also which particular properties of 
these variables are (or are not) Irequiired for a complete specification. ' 
FoV example, as^ mentipned previ>ously, the basic independent variables 
we'eded to specify a "force" ar^e the part-ic^le on^ which th^ force acts and 
the particle b^ which it is exerted. But not a! V properties of these par- 
ticles arexelevant to this specification. For instance; the\posit1ons of 
the particles are relevant and must be specified. On the other^and, the ^ 
colors of these particles are irrelevant', as are their v^elocltcies (^pr— 
ordinary central forces), . \ • 

Note that the preceding knowledge, needed to expl.icate what particular 
pafameters are (or are not) relevant to a specification of a given concept, 
is far from trivial. Indeed, it implies important understanding of func- 
tional dependencies or invaViances in situations where the concept is 
pertinent.^ . ' ^ 

Instantiation 

In principle, the 'knowledge required to specify a concept adequately, 

as discussed in the preceding section, is sufficient to interpret' the con- 

* * • * 

cept. But this knowledge, although essential, is too general and abstrad 

to -make the concept effectively u^s^le in practice.' thus it is also 

necessary to know how to '"instantiate" the*" concept, i.e.-, how to. apply the 

concept reliably in various possible kinds of specific instances. (Indeed, 

••^ . * 

"it. is a familiar fa'ct'that many students, even when able to state the 

' ' ' ^ ^ v;- 

.definition of a concept, may be quite unable to apply tHis de^Q^ition in 



, particular cases.) 
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As indicated in Table 1, the knowledge needed to instantiate"" a concept 
involves the ability to do the following: (l)-To identify or exhibtt the 
concept for various possible values (or relative .values) of the 'independent 
variables or of their properties, {2) To do this in various possible sym- 
^ -bolic representations, e.g., in words, In pictures ..(diagrams, or graphs), 
• or formal mathematical symbolism, ^ 

For example, the acceleration a^ (defined by a, = dv/^lt) involves' a^ 

comparison of tha velocity v of .a particle at some specified time t and of 

its velocity v,' = v + dv at a sljglitly later time t' = t + dt, 'Adequate 

instantiation --knowl edge then requires the^abllity to apply the concept 

"acceleration" in the following kinds of cases, described verbally as well 

as pictorially: (a) ThQ new velocity v' has the same direction as the - 

original velocity v^, but a larger or smaller magnitude, as trvdicated in 

Figures 3a and 3b. The acceleration a has then, respectively, either the 

same or opposite direction compared to tha yelociiy V.^ (b) The new velocity 

V* has tfte same magnitude as y, but a different direction, as indicated in 

Figure 3c. The acceleration has then a^ direction perpendicular to the 

V. velocity v. (c) In the most general case, the new velocity v' differs 

J. 

' from V in both magnitude and direction, as indicated in Figure 3d. The 
* acceleration has then a direction not parallel to- the velocity v, but toward 
the concave si(}^ of the particle's path. ^ _ K 



lnser,t Figure 3 about here 



Being able to identify and* use various posjsible instances of a concept 
is sometimes far from trivial. For example, it often takes students a long 

i 

time to understand'that the fnnocent-looking definition a = dv/dt of the 



ERIC ' ' .. - 14 . 



concept "aG<:eleration**- encompasses all the various cases illustrated in. 
Figure 3- 



Error Prevention 

Human beings are prone to errors. The reliable interpretation of a 
concept requires, therefore, also- adequate knowledge to-preyent errors 
.i,e/, knowledge to avoid likely errors, to detect such errors when they 
have been committed, and to correct them appropriately. * 

As indicated in fable 1, such error-prevention knowledge includes 
explicit warnings or "caveats" about errors likely to occur in the appli- 
cation of the concept; knov/ledge abou^how to*^ discriminate any such error 
from the correct situation; and the use of explicit symbolism designed to 
help avoid sudh errors. ^ ' * 

^ Warnings about Likely Errors ^ 

.. Reliable performance on any task is obviously facilitated if one is* 

' Explicitly forwarned about likely errors and pj^tfalls. Such errors ni?y be 

identified by actual observations of commonly made errors. A theoretically 

more interesting approach-is to use an a-priori analysis to predict many 

of the kinds of errors likely .to occur in the use of any newly encountered 

concept. Such an analysis must take into account the characteristics of 

the particular concrept, i.e.'Tthe previously discussed knowledge required <• 

for the specification of the concept. It must also take into account the 

characteristics of the person using the concept, including the persons'- 

preexisting knowledge. The results of such ari analysis are briefly out- 

tined in Table 2 whfch indicates somfe of the most common basic errors 

13 

likely to occur in the application of any concept. 

9 

15 
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Insert Table 2 about here 



The likely errors listed in Table 2 correspond to errors in the vari- 

ous kinds of specification knowledge summarized in Table 1- The following 

paragraphs discuss and exemplify the most likely of these err6rs. The 

first two of these are gross confusions whT^ if a concept is 

identified by relying merely on the recognition of some salient features, 

rather than by applying explicitly the rules spec,ifying the meaning of the 
^ * « 

concept. " . * . 

Confusion of a concept with another cd'ncept denoted by a similar symbol 
(including lay terminology) . Such a confusion occurs because a superficial 
similarity of symbols causes a fallure^to-JI-scr-iminate between-di-f-feV^ent- — 
concepts. For example, the scientific concept "acceleration" (denoting the 
vector dv/dt describing -the vectorial change.^gf velocity) is likely to be 
confused with the lay term "acceleration" (used in everyday 1 if e^'ta* denote , 
roughly the rate of increase of speed with time). As another example, con- 
cepts such as "kinetic energy", "potentiaf energy", and "energy" -may easily 
be confused becau^s^e their names all inclyde the same work' "energy". 

Confusion of a concept with' another concept describing a different 

— — — « 

feature of the same situation . Such a confusion is caused by a failure to 
, » f 

discriminate between related concepts which occur frequently in the same 

context. For example, "acceleration" and "Velocity" are likely to be 

confused'^because both these concepts describe the motion of a particle, 

although different features of. such motion. 

Er rors in specification rules . Even if a detailed rule or procedure 
— . t 

'is used to identify a cbncept,^ an error in some part of the rule- can lead 

o 

to mi sidentifi cation of the concept. Tfiere may be many , such possible 
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errors since one or more steps in a ^specification rule may be omitted or 
wrong. . 

'For example, the procedural specification of the concept "accelera- 

** • ' ^ 

tion" invalves a substraction v of velocities at slightly different 



times. If this vectorial subtraction is ^confused v<ith a numerical sub- ^ 

5 ~^ ^ , . _ " 

~ ^ , * traction of magn'i1:udes, a wrong concept (the r^ate of change of speed dv/,dt). n 
is identified. 

Errors in applicability conditions . An example of such an error would ' 

- , 0 

be the -attempted use of a potential energy to describe' interaction due to 
friction forces (since the poncept of potential energy is only applicable 
in the case of conservative forces). 

y . „ » - 

„ _ ^ ..A„par:ticUlarly common :enror-^ in-appTicabili'ty-condi tions-'occurs'ivhen 

a concept, describing a special case, is inappropriately extended to" a more 
general case where it is not valid. Such confusions of special cases with 
general ca^es are p^articularly fikely when the special case has an appeal- 
ing simplicity and has 'been encountered first in one's learning experience. 
For example, students often encounter the concept "velocit y" first in the 
simple special case of uniform motion along a straight line when the velo- 
city may be simply defined by the numerical ratio s/t (where s is the dis- • 
' tance traveled during the time t).. If is then predictably likely that . 
Students will subsequently confuse this definition lof the concept with the 
general concept of "velocity" defined as the vector dr/dt (where* dr is the 
infinitesimal displacement dr during an infinitesimal ' time dt). 

Errors in specification of values . Errors in the specification of the 
, -<»•*• 
values of a concept occur when some of the ingr^edients necessary to specify 

a Value are omitted or wrong, or because impossible values are attributed 

' to the concept. Such- erijors* are easy to avoid, although common among novice 

Er|c , - "17 ^ . 



students. The fallowing are examples os such errors: Describing the value 
of an acceleration by specifying a magnitude without~a' direction; specify- 
ing the value of a potential er\ergy with the wrong unit "newton"/, or 
i tati ng that-the-val ue^of'-^a- -kpetir" energy iT negatTve." 
^ .Errors in specification of independent .variables . A very common kind 
of error results from the omission of some of the independent' variables 
required to specify a property concept. The consequences are an incomplete 
specification of the concept and concomitant ambiguities*, these can often 

S - • , \ ^ 

lead to troublesome confusions and seemingly perplexing paradoxes. The 
following are examples of such omissjons: Talking about an acceleration 

wi thout speci fy i ng j^ie jefemij^^^^ 

— . — ^ — . — , ' " ^ 

talking about j_EotptiaJ^^ -specifying the standard position 

from which it 'is measured; or talking about a force without specifying 

the object ex':rting this force. , « - ' • 

Discrimina'tions; ^ , ^ ' , * - ' 
Jable-2-,and-the-pr«ceding-commei^ts^helpVtMdent4-fy-l-ikea-y-epr^ 

s 

which must be avoided if a concept is to be used reliably. Hence it is 
•essential, to be able to discriminate between any such error and the correct 
application of the concept. To acquire the ability to make such .discrimin- 
ations while learning an unfamiliar concept, it is useful to compare expli- 
citly the error (and its consequences) with the correct situation. Dis- 
tinguishing features, characterized abstractly as well as exemplified in 

specific cases, can then be made explicitly apparent so that_they_caii.be 

readily recognized and heeded. _ ' 

As an example, consider the error involving the confusion of the 
concept "acceleration" with the concept "velocity". Explicit comparison of 
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these concepts leads to the knowledge needed to discriminate between them, . 
In particular, the two concepts are characterized by the following distin- 

guishihg features : The^ acceleration describes, tAe^raJ:6Lo.t-^change^of 

velocity , whereas th£ j^elocity describes a rate of change of position ; also 
the unit of acceleration is meter/second , whereas the unit of velocity is 
meter/second . Specific examples illustrating^i^tlncti^^ these 
concepts are the following: The acceleration, can be zero whTle^the^i^velo- 
city is non-zero (e.g., for motion with constant velocity); the accelena- 
tfon can be non-zero whil^ the velocity is- zero (e.g., at the highest point 

of a b'dll thrown vertically upward) ; and the acceleration can be constant 

* ✓ ~" ^ — -- — — 

white th~e"ve1Wi't7"iVFh^^^^ for Jt freely falling object). 

Acknowledge of such discriminations for each likely error is an ^ 
important part of the ancillary knowledge needed to make a concept reliably 
usable. - . * 

Helpful S.ymbolism ^.^ 

A-powerfHi1--a^id-fOf~preven^tf ng--errorsH3~i:he introduction and use of 

appropriate symbolism; for then' strict adherence to symbolic form can 
automatically help to avoid many errors. 

As a trivial example, confusion between the concept "velocity" (a 
vector) and the concept "speed" (|he magnitude of the velocity) can be 
minimized by consistently using the letter .v (printed in boldface type or 

underscored by a squiggly line) to denote the vector representing the 

if 

velocity, while using the unadorned letter v to denote the number repre- 
senting the speed. ^ 

Much more important examples of helpful symbolism involve the use of 
standariied symbolic expressions with "slots" indicating explicitly all 
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the kinds of informa'tion that need be supplied. As previously discussed 
and exemplified, such symbolic expressions can be used to indicate expll- 
citly all the ingredients needed to specify the value of a concept or all 



the independent variables needed to specify a property. Consistent use of 
such symbolic forms can greatly help to avoid many errors of omission or 
commission in the application of concepts, v ^ , 



Application to Principles 



The preceding' sections discussed at some length the ancillary.- know- 
1 edger'needed to interpret concepts (e.g., properties such as "acceleration", 
"potential energyV^^. ) . The preceding discussion can be readily extended 



to principles expressing important_relations between previously defiwed 
concepts, (e.g., the principle AK - W relatTng^netlc.^ and work, or 



the gravitational force law Fa Gmi.m2 

Indeed, any valid relation between concepts can be regarded as a 



"*^th property" (or "predicate") which asserts that the property has the 
value "true" whenever the values of the concepts are related in some sp^ec- . 
ified way. With minimal modifications, the ancillary knowledge needed to 
interpret a principle is thus the same as that outlined in Table 1 for any 
property concept. 

Thus Tablel, when applied to a principle, asserts that ythe specifica- 
tion of the principle can be achieved by a formal summary description (such 
as an equation), by informal qualitative statements, or by a detailed pro- 
cedure which specifies what must be done to determine that -the .specified 
principle is true. The specification of the value of a principle is trivial, 
\.k->i this va*1ue is simply -"true". The specification of independent 
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variables includes ^again the specification of basic independent_y.ajilables^ . 



which need^ be specified and the specification of the relevant pnoperties^ 

■* « 

„thereo±,„ . f Hor_.exanip.l e , in the-^GaserOf-Newton-s-rTOtion-^prtncipl e~'nia-^=~"F~ 
the basic independent variables bre some specified particle , some other . 
particle with which it interacts, some specified time, and some specified 
inertial reference frame .. - The. relevant propertMjBS of these independent 
variables are the mass m of this particle, its acceleration a 'at this time 
relative to the specified reference frame, and the force Foh this particle 
by'all other particles interacting with it.) These remarks should suffice 
to indicate that our entire previous discussion is equally applicable to 
concepts as well as to principles relating previously defined concepts. ' 



Implications^ for Learning or Teaching 
The preceding sections have sought to identify and explicate the 
ancillary knpwledge required to, interpret scientific concepts or principles. 



The disCiission has made apparent that this ancillary knowledge -^s quite, 
large and extends considerably beyond mere definiti-ons of concepts or 
Statements of principles. Such knowl,?dge is commonly possessed by any 

(pert, although he or she may not be consciously aware of its existence 
or ^btfesto articulate it explicitly. _ On the other hand, the acquisition 
• of such kno^ifledge by students is a demanding task. 

The. foil ovmg, paragraphs outline briefly the- diff icuVcies faced by 
students trying to lec»:n .unfamil iar concepts or principles. Then they 
- explore the prospects of i>istructional methods exploiting" the analysis of 
, the' preceding sections to. teacVqpncepts a»d prinicples more effectively. 
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Learning. Difficulties 

Anyone trying to feai^n §in unfamiliar scientific concept or .^principle 

IFaces appreciable difficulties. Sone of the^e are due to intrinsic. charac- 

teristics of such scientific concepts or principles: (a) As discussed in - 

the preceding sections, the knowledge required to interpret and apply such 

a concept or'principle is. considerable and sometimes subtle, (b) This 

« 

'knowledge of ten. (iemands meticulpus. attention. to details and requires fine 
discriminations to- achieve, the unabmiguity required for accurate scientific 
predictions. • • °- . ' 

Other difficulties are characteristic of the person in the role of 

\stu^ent trying to, learn new concepts or principles: ' (a)_A student brings 
to a learning' situation many concepts and principles .acquired in d^ily life 
or from more formal prior learning experiences. Heneethe studert's pre-' 
existing knowledge must be appropriately modified or transcende*"-. before 
new concepts or principles can be used without 'confusion and integrated 
into a new knowledge structure, (b) A student, u.rtless thoroughly versed 
in scientific thinking, approaches learning from^the vantage point of daily 
life where concepts or principles are adequately -useful even if they are 
specified vaguely and somewhat inconsistently. Hence^fveryday concepts 
(e.g., "chair", "color",...) are often adequately "specified by reference 
to prototypical cases which can be readily recognized or usted for approx- 
mate comparfsons. By contrlast, scientific concepts need to b.e specified 
by explicit rules to ensure that they have unambiguous meanings. The learn 
ing of scientific concepts is -thus a demanding task, rather different froth 
the learning of concepts in daily life, ar^ is correspondingly quite dif- 
ficult for novice students unfamiliar with this mode of learning. 

» 

2? , . . 



22 



' *How effective are cownon teaching methods in dealingrwith tKl^se leann-^ 
ing difficulties? ' • * 



Methods commonly used to teach, concepts or principles involve presen^:- 

ingNi new concept or principle* exemplifying the concept df^principle in 

• \ 

some special cases/and then providing students with practice in applying 
the concept or principle^ in various situations* Through -a process of 
trial-and-error learning, students then gradually learn to avoid mistakes 
and to use the concept or principle mpre/reliably. 

There is considerable evidence* that such teaching methods are neither 
very efficient nor effective. Indeed, after formaT^instructioh and after 
months (or even years) of using a scientific concept. or jirinciple, piany 
students still exhibit gross misconceptions, confusions, and other persis- 

1 7 

tent errors. Furthermore, although students may nominally be familiar 
• ' « • * 

with certain, concepts or principles, they often do not feel comfortable to 
use th^m spontaneously as intellectual tools, facilitating their own think- 
ing. 

Teaching Applications 

The analysis, in the preceding sections indentifies various kinds of 
important ancillary knowledge required to make a concept or. principle 
effectively usable. This analysis can be used as the basis. for instruc- 
tional methods which teach such ancillary knowledge eXpffcitly, It can 
also help to diagnose >the causes of students' observed' verrors and difficul- 
.ties. , • ' \ 

The following paragraphs outline some suggested teaching methods based 
on this analysis. Although these suggestions are tentative and based on 
limited evidence, they, provide a systematic approach suitable for further 
Study and improvement; ^ ' ' 
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Teaching- particular ca n cepts , A very.cojumon instructional aim is to 
teach, students part i cu*1ar scientific concepts or principles (e.g., parti- 
cular .^concepts such as "acceleration"). The ancillary knowledge summarized 
in Table 1 can then be used by an instructor/ textbook, or other instruc- 
tional medium to make explicit the ancillary knowledge required to inter- 

|pret-the particular concept of interest, (For example, the instructor -can 
identify what particular independent variables are necessary, to specify 

"fully the concept "acceleration"; or the instructor can identify 'the likely 
error caysed by confusion between the concept "acceleration". and' the con- 
cept "velocity".)^ Systematic instruction then involves teaching students 
explicitly these specific kinds of ancillary knowledge at the time when / 
the unfamiliar concept is first encountered. Jndeed-^ the entries listed 

/in Table 1 can easily be converted into/specific questio ns which any.stu- 
dent should be able to answer about the particular concept (e.g., questions 
such as "what is the procedure used to specify the meaning of the concept 
acceleration?"). • - 

Not^only must one ensure that students display explicit famit'iarity 
with the various kinds of ancillary knowledge about, a concept, but also 

,that they actually use this knowledge when applying a 'concept. (For 
example, students should spontaneously answer questions about the acceler- 
atioi) by applying tha procedure used to define th-is concept'.) It is 
advisable that students acquire and consoltdate* this ancillary knpwledge 
about a concept in the context of relatively simple questions and exercises 

* * " * ■* 

ffnly afterwards should they be gisked to apply the concept in more complex 
problems. 

. Effective use of a concept requires that the ancillary knowledge about 
the cqncept^become ultimately intuitive and habitua'l.lj^ used. Needless to 

— ' * • 
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say^ thii requires adequate practice,- but the right kind of practice spefci- 
ficalTy suggested by the analysis of the concept. Furtheicmore, explicit 
awariness o^; this ancillary knowledge can be ^useful -to students, even after 
a concept has^ become intuitively familiar, since such explicit knowledge 
helps to debug errors or to-cope^.with novel situations. 

I have' recently tried to exploit some of these teaching guidelines in 
actual classroom situations, this experience indicates that explicit 
teaching approaches b^ised on the analysis in thi^ pap6r can Be very useful 
in practice. -For example, it is very helpful to ask students to verbalize 
and apply -pcocgdures frr identifying concepts. It also helps avoid many 
confusions to insist that students use full verbat^expressions (such as 
"force' on what bi^ what"). However, the implementation of teaching pro- 
cedures based on 'such an. explicit analysis reveals also particularly clearly': 
soijie general issues and difficulties inherent in ^any teaching process,* • 
issues which' are worthy of further, study in their own right. 

. Teaching conceptual learning skills . The preceding comments have 
dealt with the teaching of particular concepts ,or principles. A much more 
ambitious instructional goal would involve teaching students the general 
skill enabling them , to learn effectively an^ newly encpuntered concept or 
principle/ The analysis presented in the preceding pages, as summarized 
in Tabl'e 1, is again basic to the systenjatic teaching of such a general 
learning skil). ''B.ut now .students would have to be taught the general " . . 
ancillary knowledge required to make an^ concept or principle* effectively - 
usable, and would themselves have to translate' this general knowledge into 
specific knowledge about any particular concept. This is clearly a much, 
more difficul t"teaching task, but one of great importance. Indeed, suc- 
cessful implementation of- such instruction would make students better 



25 



inde'^dent leaVners. whD ^kno'w explicitly what they need to^dy to achieve 
compjetejit use of any new concept;' C ^ • \ 

There- is evidence 'that- such instruction c&n be successfully implemen- 

ted 'in practice. For example, a few years' ago' some^colVaboratbrs and 

. . . — ; , ^ 

myself , using a rather rudimentary analysis, of concept learning and some 
very primitive teaching methods, based on thi's analysis, were able to show 
that students could be taught to becrfme significantly better i ndependent 
Iparners of* new- concepts. The more ^extensive analysis presented- in the 
preceding" pages-j together with" morje explicit teaching methods, prorri1?es to 
lead to much more. effective teaching of,5Uch general conceptual learning 
skills, . '/ - / . , ' ■ 'ife 
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Table 1 
Interpretation of a concept 

Specif i cation 

* Specification of concept 

* Summary description 

* Informal description 

* Procedural specification 

* Appl icability conditions 

o 

* specification of concept values 

* Ingredients and symbolic expression 

(elements specifying type, units) ; . ; ^ 

* Possible values (and typical values) 

* Specification of independent variables 

* Basic independent 'Variables and symbolic expression 

* Relevant properties of independent variables 

Instantiation ^ 

* ^Various values of Independent variables and of their properti 

* Various symbolic representations 

k* " 

Error prevention 

* Warnings about likely errors (see Table 2) 

* Discrimination between each error and correct case 

* Helpful symbolism ^ 
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Table 2 
Ltkely EVrors 

* ^rrorsl in .specificati on of con^cept ' 
* 6y?oss confusions 

* Confusion with concept denoted by similar symbol 
\* Confusion with concept describing different features of 



same situation 



* Errbrs in specification fules 
^Errors in applicability conditions 



* trrors 



in Specification of 



values 



* Errors\in specifying ingredients 

* Error^ in possible- values 



* Errors in specification of independent variables 



* Omittejld i^idependent variables 



Wrong 



independent variables or properties thereof 
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' Frgure Captions 



Figure K Diagram illustratihg specification of the concept "acceleration". 
Figure 2. Finding the component of a vector V along, a direction !• 
Figure 3, Various instances of the concept "acceleration". 




